
The essence of a new method

Let us assume, for the sake of determinacy, that an en-

dothermic transformation is studied by using differen-

tial power scanning calorimetry and that a time de-

pendence of heat flux is recorded, i.e. that the

experiment results in the table ti,
� ,Qi i=1,...,n, where n

is a total number of measurements. Usually, an objec-

tive of the calorimetric experiment outlined above is

extracting the enthalpy of transformation from raw

data. Before diving into mathematical details of the

new method, let us recall the nature of the signal mea-

sured. There are two thermally equivalent containers

inside a calorimeter. One of them is filled with a refer-

ence material, which does not undergo a phase trans-

formation within an investigated temperature region.

The other container is filled with a sample, in which a

transformation occurs. Both containers are heated with

a constant heating rate � in such a manner that their

temperatures remain the same at all times. A time-de-

pending difference � – �Q QS R between powers supplied

to the sample and to the reference is measured and re-

corded. Since the reference does not experience the

phase transition, energy provided is exclusively spent

for heating. In the case of the sample, a portion of en-

ergy supplied is still spent for heating, while the rest of

it is used for driving the transformation:

�Q t C m TR pR Rd d� (1)

�Q t C m T HS pS Sd d d� � (2)

Since the heating rate is constant, temperature

increases with time as T=T0+�t, where T0 is tempera-

ture at the beginning of the experiment. Substituting

dT/dt=� in expressions (1) and (2) yields:

�Q C m gR pR R R� �� (3)

� / /Q C m H t g H tS pS S Sd d d d� � �� � (4)

Subtracting (3) from (4) and rearranging gives:

d d S R S RH t Q Q g g Q g/ ( � – � ) – ( – ) � –� �

If the transformation starts at time tbeg and is

completed at time tend, then the enthalpy of transfor-

mation can be calculated as:

H Q g� � ( � – )d
t

t

beg

end

� (5)

Expression (5) is not easy to apply. Firstly, inte-

gration limits are not known exactly. Secondly, while

heat capacities of many substances (e.g. Fe) are

known, it cannot be taken for granted that they are

known for many other compounds and alloys

(e.g. steels). Even if temperature dependencies of heat

capacities of the sample’s states prior to the transfor-

mation and after it are known and even though a

method of extrapolating them is reliable, nothing is

known about fractions of these states during the trans-

formation. Subsequently, the baseline g�gS–gR seen in

the right-hand-side of (5) is not readily defined. So

how can this elusive baseline be constructed? This

question is not of academic interest only. An impor-

tance of constructing a ‘good baseline’ has been accen-

tuated in literature. Examples are known [1] where the

magnitude of the enthalpy of reaction was altered by

approximately 10% by choosing an improper baseline.

For answering this question, it should firstly be re-

called that dH/dt=0 if t�tbeg, which means that the posi-

tion of the baseline prior to the transformation coincides
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with �.Q If t�tend, then dH/dt=0 and the location of the

baseline after the transition is indistinguishable from �.Q
Secondly, since an extent of the transformation

at any time between tbeg and tend is deemed directly

proportional to energy consumed for driving the

transformation by this time, then contributions from

the initial and final states to the baseline can be re-

lated to a degree of the transformation [2]:
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(6)

However, Eq. (6) cannot be solved with respect

to g(t) merely because it is not even clear what class

of function the solution should be sought within.

A discrete nature of calorimetric observations

should not shade the fact that heat flux and the baseline

are smooth functions. Let us accept that they both be-

long to the C2(t1,tn) class of twice continuously differ-

entiable functions. In this case, the discrete representa-

tion of heat flux can easily be converted to an analyti-

cal description by constructing an interpolating cubic

spline � ( )Q t (Appendix explains how to calculate the

spline). Although the spline can describe the whole ar-

ray of experimental data points, only its portion corre-

sponding to the thermal event (i.e. to the peak) is use-

ful. Similarly, the baseline can be represented by an in-

terpolating cubic spline g(t). While constructing the

baseline, one should keep in mind that the spline g(t)
must comply with the following conditions:

1 At the beginning of the transformation, the baseline

coincides with the flux curve: g t Q t( ) � ( ).beg beg�
Since no drastic deviations of the baseline from
� ( )Q t are expected in the very beginning of the

transformation, it is assumed that slopes (but not

curvatures!) of the two splines are the same:

( ) ( � / ) .d / d d dt = t t = tbeg beg
g t Q t�

2 At the very end of the transition, the baseline

smoothly approaches the flux curve:

g t Q t( ) � ( ),end end� ( / ) ( � / ) .d d d dt = t t = tend beg
g t Q t�

3 Expression (6) must be satisfied in all experimental

points situated between tbeg and tend. In other words,

if tbeg corresponds to the point number ibeg and tend

corresponds to point number iend, then (6) must be

valid in iend–ibeg–1 points between them:

g t g t

g t g t

Q g

( ) ( )
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i beg

end beg

t
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beg

i

d ,
t

t

�
� [ � ( ) – ( )]Q g� � �

i=ibeg+1,...,iend–1 (7)

Since modern calorimeters are usually equipped

with data acquisition systems capable of registering

heat flux frequently (several times per second), ex-

pression (7), which is much easier to handle computa-

tionally, is a virtual twin of (6).

Based on the above conditions, an algorithm for

constructing the spline g(t) representing the integral

baseline is presented below:

1 Choose an experimental point ibeg associated with

the onset of transformation (if necessary, visualize

calorimetric data). Estimate the slope of the flux

curve at this point (employ, for instance, a simple

linear regression for this purpose). Pick up an exper-

imental point iend corresponding to the end of transi-

tion and evaluate the slope at it. These first deriva-

tives of the heat flux with respect to time are always

used as boundary conditions needed for constructing

splines. The first step of the algorithm is illustrated

in Fig. 1. It should be accentuated that since a cubic

spline is a local interpolant (Appendix), there is no

need for very accurate estimations of slopes.

2 Use the experimental quantities ti,
� ,Qi ibeg,...,iend

along with the boundary conditions for construct-

ing the spline � ( ).Q t Once built, this spline remains

intact for the rest of calculations. This step is exem-

plified in Fig. 2.
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Fig. 1 Points corresponding to the onset and finish of a trans-

formation and estimated slopes at these points



3 Using the values of heat flux and its first deriva-

tives at the knots t i beg
and t i beg

build the spline g2(t)
(g2(t) is used instead of g(t) for emphasizing that

only two experimental measurements have been

used for constructing the spline). Although g2(t)
satisfies the first and second conditions formulated

above (g2(t) and � ( )Q t have the same slopes in the

first and last knots), it cannot be guaranteed that

condition (7) is fulfilled. An example of the g2(t)
spline is presented in Fig. 3. It is worth highlighting

that a function identical to g2(t) was identified with

the baseline by van der Plaats [3].

4 Having the analytical description g2(t), calculate

g2(ti), i=ibeg+1,...,iend–1. After that, use the quantities

ti, g2(ti), i=ibeg,...,iend along with the fixed slopes in

the first and last knots (these first derivatives, which

are fixed once and forever, are always utilized for

setting boundary conditions) for building the spline

g0(t). The upper index k in gk(t) symbolizes the num-

ber of iteration undertaken so far for approaching

the solution. While g0(t) is indistinguishable from

g2(t), the former spline has the same number of knots

as � ( ).Q t The spline g0(t) is shown in Fig. 4.

5 Since both � ( )Q t and g0(t) are pieces of cubic poly-

nomials smoothly glued together in the knots, tak-

ing integrals in (7) is trivial. Compute all iend–ibeg–1

left-hand-sides of (7) and calculate corresponding

entities in right-hand-sides. Use the latter values

along with known and fixed boundary conditions

for building g1(t).
6 Continue refining the spline by invoking (7) until

the following condition is satisfied:

� �
g t g t

g t g t

i i

k

i

k–1

i

k

i

k–1

i

beg

( ) – ( )

min ( ), ( )
,

, ..

1

1

�
�

� � �

�

., –iend 1

(8)

Once (8) is respected, gk(t) is the baseline (de-

picted in Fig. 4) whose determination was the sole ob-

jective of all preceding computations. The crite-

rion (8) recommended in [4] bears features of both ab-

solute and relative accuracies. If the heat flux is

small, (8) reduces to g t g tk

i

k–1

i( ) – ( ) ,� � i.e. to a cri-

terion based on absolute accuracy. If the heat flux is

large, (8) becomes

� �
g t g t

g t g t

k

i

k–1

i

k

i

k–1

i

( ) – ( )

min ( ), ( )
� �

which is a criterion based on relative accuracy.
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Fig. 2 Experimental points and the slopes are used for build-

ing a spline describing the heat flux curve and a spline

g2(t) connecting the first and last points of the peak

Fig. 3 Calculated g2(t) in all peak points are used for building

an initial approximation to a baseline

Fig. 4 Iterations resulting in a self-consistent baseline



Illustration of applicability

Since the approach has been tried numerous times, a

collection of examples, from which a particular one is

to be fished out, is large. The example presented here

reflects authors’ interests in applying calorimetry to an

investigation of recrystallization and related phenom-

ena in heat-treatable aluminum alloys [5, 6]. A piece of

hot-rolled alloy was solutionized, quenched in water

and deformed by cold rolling. A small sample was cut

out from this piece. In the course of heating, a thermal

event was registered by Perkin-Elmer Diamond differ-

ential power scanning calorimeter (pure annealed alu-

minum is used as a reference substance). It should be

noted that an explicit usage of a baseline is deemed un-

necessary for collecting qualitative information by

DSC. Any obvious deviation from the baseline linear-

ity is readily assigned to an exothermic or an endother-

mic effect [7]. Results of a microstructural investiga-

tion suggest that this event is likely precipitation of a

new phase. A typical dependency of heat flux vs. time

is shown in Fig. 5 along with two points corresponding

to the beginning and end of transformation (a rigorous

choice of such points can hardly be formalized). A

dashed line, which smoothly originates from and

smoothly comes back to the signal curve, is an initial

approximation to the baseline, the approximation that

does not satisfy the condition (6). Although � in the

right-hand-side of (8) is taken equal to 10–7, only four

iterations were needed for the procedure to converge.

Since the spline obtained at the last iteration fulfills the

condition that a degree of transformation is directly

proportional to heat measured, it thus can be declared a

self-consistent integral baseline. Heat flux with respect

to the baseline and a time dependency of heat released

are depicted in Fig. 6. Although the principles of the

new approach were clarified in the preceding section

by considering an endothermic transition, the example

given clearly indicates that it is equally applicable to

exothermic transformations: it is immaterial whether a

peak is directed upward or downward.

Conclusions

The proposed method of constructing a baseline for

the case when a degree of transformation is directly

proportional to heat consumed or released has three

distinctive features.

Firstly, it is assumed that both a directly measured

calorimetric signal and a corresponding baseline are

smooth functions of time. In addition to this assump-

tion, which is not difficult for the calorimetric commu-

nity to accept, no further simplifications are employed.

Moreover, the approach is free from such ‘numerically

fragile’ undertakings as extrapolating a polynomial de-

scription of heat capacity into the peak range [3, 8].

Secondly, the iterative procedure described

above leads to the integral baseline satisfying condi-

tion (6). This circumstance along with the fact that the

baseline is indistinguishable from a heat flux curve

before and after the transformation justifies the term

‘self-consistent’ in the title of this contribution.

Thirdly, the suggested method of constructing the

integral baseline is very simple to apply in practice.

This straightforwardness stems from utilizing interpo-

lating cubic splines for representing both the peak and

baseline. In contrast to a habitual interpolating polyno-

mial, a spline is a local interpolant. Thus it connects

experimental points without having aphysical behavior

between them. If experimental data are noisy, then ap-

proximating (smoothing) splines can be considered,

but a necessity to choose a smoothing parameter makes

the approach less universal and more computationally

cumbersome. It is worth mentioning that splines de-
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Fig. 5 An initial approximation and a self-consistent integral

baseline constructed for an experimentally measured

calorimetric response of a deformed Al alloy to heating

Fig. 6 Evolutions of heat flux and heat released with time



scribing the peak and baseline are never differentiated,

they are only integrated, which ensures a computa-

tional robustness of the method. It seems that despite of

a number of publications devoted to building the inte-

gral baseline (a great deal of them is cited in [9]), a use-

fulness of splines for this purpose has been overlooked.

It is worth mentioning that the sensitivity and ac-

curacy of modern calorimeters are tried to be im-

proved through eliminating noises and drifts in the

baseline [10]. These ‘hardware efforts’ are to be sup-

ported by ‘software efforts’, indeed. It is hoped that

the technique proposed will be utilized in data acqui-

sition and analysis software packages accompanying

modern calorimeters.

Appendix

A cubic spline is a function defined on a mesh of knots x1,...,xn,

xi<xi+1, i=1,...,n–1. Within each interval [xi,xi+1], the spline is a

piece of a cubic polynomial. Adjacent polynomials are ‘glued’ in

the internal knots in such a way that the spline is twice continu-

ously differentiable function on [x1,xn]. Ready-to-use subrou-

tines for building an interpolating cubic spline can be found in

many publicly available libraries including IMSL** and HSL***.

An elegant and easily implementable algorithm presented below

is intended for readers who decide to write their own program for

constructing the integral baseline instead of relying upon a black

box. A FORTRAN 77 source code implementing the algorithm

is available for free from the authors upon request.

The second derivative of the cubic spline is a linear func-

tion on [xi,xi+1]:

Sp x m
x x

h
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i

i=1,...,n–1 (A1)

where mi and mi+1 are the second derivatives in knots xi and xi+1,

correspondingly, and hi�xi+1–xi. The expression (A1) ensures

the continuity of the second derivative in the inner knots

x2,...,xn–1. To obtain the expression for the spline, (A1) has to be

integrated twice:
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where Ci and Ci+1 are integration constants. They can be deter-

mined using known values of function in knots xi and xi+1:
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Substituting (A3) and (A4) into (A2) and then differenti-

ating the expression obtained, one arrives at the following rep-

resentation of the first derivative on [xi,xi+1]:
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The requirement that the first derivative of spline must be

continuous in the inner knots leads to the following system of

linear equations with respect to second derivatives:
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While the total number of unknowns is equal to n, the

system (A5) contains only n–2 equations. If an accurate estima-

tion of the first or second derivative is available in the first and

last knots, they can be used as such conditions. Otherwise, the

so-called ‘not-a-knot’ conditions are employed:

Sp x Sp x m m m

Sp x S

��� � ��� � � � �

��� �

( – ) ( ) –

( – )

2 2 1 2 30 0 2 0

0n–1
��� � � � �p x m m m( ) –n–1 n– 2 n–1 n0 2 0

(A6)

Whatever the choice, two equations representing two

boundary conditions can be added to the system (A5) in such a

way that its matrix will be tridiagonal with diagonal domi-

nance. The latter means that it is positive definite, which, in

turn, prompts that an extremely simple, fast and robust algo-

rithm can be used for building the interpolating cubic spline.
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